A subset X in the d-dimensional Euclidean space is called a k-distance set if there are exactly k distances between two distinct points in X. Einhorn and Schoenberg conjectured that the vertices of the regular icosahedron is the only 12-point three-distance set in R 3 up to isomorphism. In this paper, we prove the uniqueness of 12-point three-distance sets in R 3 .
Introduction
Let R d be the d-dimensional Euclidean space and S d−1 a sphere in R d . For X ⊂ R d , let A(X) = {P Q|P, Q ∈ X, P = Q} where P Q is the Euclidean distance between P and Q in R d . We call X a k-distance set if |A(X)| = k. For two subsets in R d , we say that they are isomorphic if there exists a similar transformation from one to the other. An interesting problem on k-distance sets is to determine the largest possible cardinality of k-distance sets in R d . We denote this number by g d (k). E. Bannai-E. Bannai-D. Stanton [2] and A. Blokhuis [3] gave an upper bound
We have an example of two-distance sets and three-distance sets from the vertex set of a regular simplex. Let V d be the vertex set of a regular simplex and V d a set of all midpoint of two ditinct points in V d . Then V d is a two-distance set and V d ∪ V d is a three-distance set. Therefore
2 . For k = 2, the numbers g d (2) are known for d ≤ 8 (L. M. Kelly [9] , H. T. Croft [4] and P. Lisoněk [11] ). For d = 2, the numbers g 2 (k) are known and maximum k-distance sets are classified for k ≤ 5 (P. Erdős-P. Fishburn [7] , [8] , M. Shinohara [12] , [13] ). However, for d ≥ 3 and k ≥ 3, even the smallest case g 3 (3) had not been determined. In this case, S. J. Einhorn-I. J. Schoenberg [6] conjectured the following: Conjecture 1.1. The vertices of the regular icosahedron is the only 12-point three-distance set in R 3 .
The author proved the following ( [14] ): Theorem 1.1. (i) There are no 14-point three-distance sets in R 3 . Thus g 3 (3) = 12 or 13.
(ii) The vertices of the regular icosahedron is the only 12-point three-distance set in S 2 .
In this paper, we prove the following: Theorem 1.2. The vertices of the regular icosahedron is the only 12-point three-distance set in R 2 . In particular, g 3 (3) = 12.
In section 2, we introduce diameter graphs and characterize the diameter graphs for finite subsets in three-dimensional Euclidean space. Our goal of section 2 is to prove the following: Theorem 1.3. (i) Every 14-point three-distance set in R 3 contains a five-point two-distance set in R 3 . (ii) Every 12-point three-distance set in S 2 contains a five-point two-distance set in S 2 or a four-point two-distance set in S 1 .
In section 3, we improve this theorem by using a Dolnicov's result and prove the following: Theorem 1.4. Every 12-point three-distance set in R 3 contains a five-point two-distance set in R 3 .
Since five-point two-distance sets in R 3 are classified, we have Theorem 1.2 by using computer calculations. We give the details of these calculations in section 3.
Diameter graphs
Let G = (V, E) be a simple graph, where V = V (G) and E = E(G) are the vertex set and the edge set of G, respectively. We denote a path and a cycle with n vertices by P n and C n , respectively. We denote a complete graph of order n by
is the distance between v and w. We abbreviate Γ(v) = Γ 1 (v). A subset H of V (G) is an independent set of V (G) if no two vertices in H are adjacent. The independence number α(G) of a graph G is the maximum cardinality among the independent sets of G. The Ramsey number R(s, t) is the smallest value of n for which every red-blue coloring of K n yields a red K s or a blue K t . For example, Ramsey numbers R(3, t) are known as R(3, 3) = 6, R(3, 4) = 9, R(3, 5) = 14.
For X ⊂ R d , the diameter of X is defined by D(X) = max A(X). Diameters give us important information when we study distance sets in particular in few dimensional space. The diameter graph DG(X) for X ⊂ R d is the graph with X as its vertices and where two vertices P, Q ∈ X are adjacent if P Q = D(X). Let R n be the set of the vertices of a regular n-gon. Clearly DG(R 2n+1 ) = C 2n+1 and
are not adjacent. For diameter graphs for R 2 , we have the following propositions ( [13] ).
are not adjacent and every vertex not in the cycle is adjacent to at most one vertex of the cycle.
In particular, G contains at most one cycle.
The above propositions are implied from the fact that two segments with the diameter must cross if they do not share an end point. We consider an analogue of this fact for three dimensional Euclidean space.
Lemma 2.1. Let P 1 P 2 = P 2 P 3 = P 3 P 1 = c for P 1 , P 2 , P 3 ∈ R 3 and c ∈ R >0 , Π be the plane determined by {P 1 , P 2 , P 3 } and R + and R − be the division of R 3 by Π. Here let Π be contained in R + . Let
+ and equality holds only if Q 1 or Q 2 coincides P i for some i = 1, 2, 3.
Proof. It is sufficient to prove the case where Q 1 , Q 2 ∈ S + . Let Q ′ 1 and Q ′ 2 be the projected point of Q 1 and Q 2 to Π, respectively. Without loss of generality, we may assume
Without loss of generality, we may assume
and equality holds only if Q 1 = P i . Therefore we may assume Q
. Then Q 2 = P 1 and this lemma holds.
In Lemma 2.1, let c = D(X) for any X ⊂ R 3 . Then we have the following proposition.
Therefore to prove the uniqueness of 12-point three-distance sets in R 3 , we want to know more information about 12-point three-distance sets in R 3 with α(G) ≥ 5 and K 3 -free for their diameter graphs G. The following is useful to prove the uniqueness of 12-point three-distance sets in S 2 .
Lemma 2.2. Let G be a K 3 -free graph of order 12 with α(G) < 5.
and R(3, 4) = 9. Then H ∪ {v} is an independent set with at least five vertices.
(
If there exists u 1 , u 2 ∈ U such that u 1 and u 2 are not adjacent, then Γ(v) ∪ {u 1 , u 2 } is an independent set with five vertices. By the K 3 -free condition, |U | = 2 and |Γ(v)| = 6. For a u ∈ U , there exist w ′ ∈ Γ(v) and
is an independent set with five vertices. This is a contradiction.
Proof of Theorem 1.3 (i) Let X be the 14-point three-distance set in
(ii) Let X be the 12-point three-distance set in S 2 and G = DG(X). We may assume G is K 3 -free and α(G) < 5. By Lemma 2. 3 Diameter graphs for a subset in R 3 Dolnicov proved more general result than Lemma 2.1. In this section, we improve Theorem 1.3 by using the Dolnicov's result.
Proposition 3.1. Let G = DG(X) be the diameter graph for X ⊂ R 3 . If G contains two cycles with odd lengths, then they have a common vertex.
Clealy this proposition is stronger than Lemma 2.1. In particular, we have the following corollary: Corollary 3.1. Every diameter graph for a subset in R 3 does not contain two ditinct five cycles.
Proof. Let G be a triangle-free graph of order 12 with α(G) ≤ 4. We will prove G contaoins two distinct 5-cycles. 
By Lemma 2.2, there exists
v 0 ∈ V (G) with deg(v 0 ) = 4. If there exists w ∈ Γ i (v 0 ) for i ≥ 3, then Γ(v 0 ) ∪ {w} is an independent set. Therefore Γ i (v 0 ) = ∅ for i ≥ 3, so |Γ 2 (v 0 )| = 7. Let Γ 1 (v 0 ) = {v 1 , v 2 , v 3 , v 4 } and Γ 2 (v 0 ) = {v 5 , v 6 , . . . , v 11 }. Suppose m 1 , m 2 , m 3 , m 4 ∈ {0, 1, 2, 3} (m 1 ≥ m 2 ≥ m 3 ≥m∼ v 4 ∼ v 10 ∼ v i ∼ v 1 ∼ v 0 and v 3 ∼ v 8 ∼ v 2 ∼ v 9 ∼ v 11 ∼ v 3 . If v 4 ∼ v 11 , then v 6 ∼ v 11 since {v 0 , v 5 , v 6 , v 7 , v 11 } is not an independent set. Since {v 0 , v 5 , v 7 , v 8 , v 11 } is not an independent set, we have v 5 ∼ v 8 . Then we get two ditinct 5-cycles v 0 ∼ v 4 ∼ v 5 ∼ v 8 ∼ v 2 ∼ v 0 and v 1 ∼ v 7 ∼ v 3 ∼ v 11 ∼ v 6 ∼ v 1 .
Case B
Since {v 2 , v 3 , v 5 , v 6 , v 7 } is not an independent set, we may assume v 2 ∼ v 7 . Then we may assume v 4 ∼ v 11 since {v 1 , v 2 , v 4 , v 10 , v 11 } is not an independent set. In this case, we may assume v 3 ≁ v i for any i ∈ {5, 6, 8, 9} othewise we have already seen in Case A. Since {v 2 , v 3 , v 4 , v 5 , v 6 } is not an independent set, we may assume v 4 ∼ v 5 . Similaly we may assume v 4 ∼ v 9 . Since {v 0 , v 5 , v 9 , v 10 , v 11 } is not an independent set, v 10 ∼ v 5 or v 10 ∼ v 9 . In this case, without loss of generality we may assume
Case C
Since {v 1 , v 3 , v 4 , v 8 , v 9 } is not an independent set, we may assume v 3 ∼ v 9 . Since {v 2 , v 3 , v 5 , v 6 , v 7 } is not an independent set, we may assume v 2 ∼ v 7 (C1). Since {v 2 , v 3 , v 4 , v 5 , v 6 } is not an independent set, it is enogh to consider the cases (a) v 3 ∼ v 5 and (b) v 4 ∼ v 5 with v 3 ≁ v 5 and v 3 ≁ v 6 . If v 3 ∼ v 5 , then we may assume v 11 ∼ v i for some i ∈ {5, 6, 7} since {v 0 , v 5 , v 6 , v 7 , v 11 } is not an independent set. Moreover we may assume v 11 ∼ v i for some i ∈ {5, 6} by a symmetry. Since {v 0 , v 7 , v 8 , v 9 , v 10 } is not an independent set, we may assume v 10 ∼ v i for some j ∈ {7, 8}. Then we get two ditinct 5-cycles
In this case, we may assume v 3 ≁ v i for any i ∈ {5, 6, 11} othewise we have already seen in Case A. Similaly we may assume v 4 ≁ v j for any j ∈ {8, 9, 10}. Then v 6 ∼ v 11 since {v 2 , v 3 , v 5 , v 6 , v 11 } is not an independent set. Similarly v 8 ∼ v 10 . Then we get two ditinct 5-cycles
Case D Since {v 1 , v 2 , v 4 , v 9 , v 10 } is not an independent set, we may assume v 4 ∼ v 10 . Since {v 2 , v 3 , v 4 , v 5 , v 6 } is not an independent set, there exists an edge between v i (i ∈ {2, 3, 4}) and v j (j ∈ {5, 6}). For each case, we can conclde to the above cases. Proposition 3.2 implies Theorem sub1.
Calculations
In this section, we prove Theorem 1.2 from Theorem 1.4. To complete the proof, it is sufficient to classify 12-point three-distance sets X ⊂ R 3 containing a five-point two-distance set Y ⊂ R 3 with D(Y ) < D(X) and 12-point three-distance sets X ⊂ S 2 containing a four-point two-distance set
Five-point two-distance sets in R 3 are classified ( [6] ). We give coordinates of these sets in table 1. For any sets Y in table 1, 1 ∈ A(Y ). Let d be the other distance in A(Y ).
We divide into following two cases; Case 1:
Candi(Y ) = {P ∈ R 3 |Y ∪ {P }is a k-distance set with six points, k ≤ 3}.
Proof. For P ∈ Candi(Y ), let Old(P ) = {Q ∈ Y |P Q ∈ A(Y )}, N ew(P ) = {Q ∈ Y |P Q / ∈ A(Y )} and T ype(P ) = |N ew(P )|. We consider three cases. First we consider the case where T ype(P ) ≤ 2. Suppose {Q 1 , Q 2 , Q 3 } ⊂ Old(P ). Since P Q i ∈ A(Y ), the possibility of P is at most 2 · 2 3 . Next we consider the case where T ype(P ) = 3, 4. Suppose {Q 1 , Q 2 , Q 3 } ⊂ N ew(P ) and Q ′ ∈ Old(P ). Let L be the perpendicular of the plane determined by Q 1 , Q 2 , Q 3 which pass through the center of Q 1 , Q 2 , Q 3 . Since P lies on L and P Q ′ ∈ A(Y ), the possibility of P is at most 4. Finally we consider the case where T ype(P ) = 5. Since the points in Y are noncoplanar, the possibility of P is at most 1.
Therefore |Candi(Y )| ≤ 
. In table 2, we divide P ∈ Candi(Y ) by N D(P ). It is easily to check that vertices of the regular icosahedron is the only 12-point three-distance set containing five-point two-distance sets under the assumption in case 1.
Case 2: Let R 5 = {Q 1 , Q 2 , · · · , Q 5 } be labeled by cyclic order and A(R 5 ) = {1,
. Let L be the perpendicular of the plane determined by R 5 which pass through the center of R 5 . Suppose P 0 ∈ X is on L. We may assume P 0 Q 1 = d 3 , otherwise R 5 ∪ {P } containing another five-point two-distance set and such X is actually Case 1. If
Therefore other points P ∈ X ′ = X \ (R 5 ∪ {P 0 }) satisfy one of the following:
Suppose P ∈ T ype(1). Then R 5 ∪ {P } contains a five-point two-distance set different from R 5 . Next suppose P ∈ T ype(2). Then R 5 ∪ {P } is a subset of the vertices of a dodecahedron. Since |X ′ | ≥ 6, X must contain an 8-point subset of the vertices of a dodecahedron. However this can not be a threedistance set. Table 1 . Coordinates of the five-point two-distance sets.
Y
Coordinates 
(cos (2πj/5), sin (2πj/5), 0), j = 0, 1, · · · , 4 τ 
